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ABSTRACT: We present a geometric approach to the simulation of the helix-coil transition in wormlike
polymers. Our approach has its foundations on a novel real-space realization of the concepts proposed by
Zimm, Bragg, and other researchers. In our model, the polymer is treated as a freely rotating chain with
hard-core repulsion between beads. The conformational state (helix or coil) of each bead is determined
by the value of its torsion. If the difference between the torsion of a bead and the one of the perfect helix
is less than a cutoff value, then the bead is part of a helical domain and carries a negative energy;
otherwise, it is part of a random coil. In addition, interfaces between helical and random coil domains
carry an energy penalty. We have simulated these concepts using the Wang-Landau algorithm where
the density of states depends on two parameters: the number of beads in the helical state and the number
of interfaces. In this article we show that these simple ideas can account for the cooperativity of the
transition explicitly and capture the known conformational, configurational, and thermodynamic properties
correctly. Moreover, these concepts have important theoretical implications since they lead naturally to
a field-theoretic Hamiltonian of the Edwards’ type that might be useful for problems of current
experimental interest.

Introduction

The seminal discovery of R-helices and â-sheets by
Pauling, Corey, and Branson1 in 1951 motivated intense
research in the field of secondary and tertiary structures
of biopolymers. In particular, R-helices have been the
subject of many experimental studies in the polymer
science community where single polymers capable of
adopting helical conformations, like polypeptides and
chiral polyisocyanates, have been studied extensively.2
The effects of solvent,3 molecular weight,2 chirality of
the biopolymer4 or solvent,5 simple shear flow,6 ions,7
surfaces,8 and other experimental parameters on the
helix formation of single polymers have been studied
and are topics of current experimental interest. These
experimental studies have provided researchers with a
good understanding of the helix-coil transition of single
polymer chains.

Theoretical studies have also been developed to
provide a framework for the understanding of the exper-
imentally observed behaviors. Most of these studies are
based on the traditional matrix method first proposed
by Gibbs and DiMarzio,9 Zimm and Bragg,10 and Lifson
and Roig.11 Extensions of these concepts include extra
features that allow them to describe solute effects,12,13

polyelectrolytes,14 copolymers,13 helix induction by hy-
drogen-bonding chiral solvent molecules,15 preferences
for the N-cap, N1, N2, N3, and C-cap positions, capping
motifs, helix dipoles, side-chain interactions, and 310-
helix formation.16 Of special interest are two recent
studies done by Buhot and Halperin17 and Tamashiro
and Pincus18 where they addressed the force-elongation
behavior of homopolypeptides. For this purpose these
researchers employed the theoretical approach origi-

nally formulated by Nagai where the traditional matrix
method and the freely jointed chain model are combined
to calculate real-space properties like the mean-square
end-to-end distance.19 Furthermore, Buhot and Halperin
have also used the wormlike chain model in their
calculations.20 Alternative approaches to the helix-coil
transition have also been developed. For example,
Muthukumar21 developed a statistical mechanics ap-
proach based on a novel field-theoretic method to study
the helix-coil transition, among other physical phe-
nomena, and Paoletti et al.22 developed a fully thermo-
dynamic approach to describe counterion condensation
on a biopolyelectrolyte capable of a conformational
transition between two different conformations.

The helix-coil transition of peptides has also at-
tracted a lot of attention from the computer simulations
perspective. Indeed, the increase in computational speed
due to improvements in hardware and the development
of very efficient algorithms have allowed researchers to
run atomistic and coarse-grained Monte Carlo simula-
tions of polymers with secondary structures using the
multicanonical algorithm of Hansmann and Okamoto,23

the algorithm originally developed by Wang and Lan-
dau24 (as implemented by Rathore and de Pablo25) and
other algorithms. These approaches to the problem are
very powerful because they carry out a random walk
on the energy surface and, in principle, are capable of
capturing the thermodynamics of the different systems
accurately. As a consequence of this, the aforementioned
algorithms have proven to be very efficient in folding
single peptides into R-helical structures.26 Moreover, it
is clear that these algorithms provide the best way to
address the problem of helix formation at present. The
only disadvantage is that the computational time needed
to generate the flat energy histogram required by the
algorithms increases rapidly with the number of states,
putting many systems of current experimental and
theoretical interest out of the reach of atomistic com-
puter simulations.
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The increase in the number of states with increasing
number of atoms implies that if we want to address the
general behavior of many-chain systems of current
interest like hydrogels of diblock copolypeptides27 and
networks of helix-forming polymers,28 or the general
behavior of charged or chiral many body-systems in-
volving only one helical chain like a single helical
polyelectrolyte with its counterions22 and salt ions, or
the induction of helical structures on a polymer due to
hydrogen bonding of chiral and achiral molecules,15 we
must coarse-grain the description of the polymer as
much as possible without losing the helical character-
istics of the chain. The coarse-graining process decreases
the total number of possible states by removing those
states with characteristic length scales of the order of
angstroms which are irrelevant for the large length
scale behavior of the polymer. Therefore, it allows us to
use the algorithms mentioned previously to study
systems with more than one polymer or systems for
which an explicit (coarse-grained) description of the
counterions or solvent molecules is essential.

In this article we propose a minimal (coarse-grained)
model that couples the helix-coil transition of polymers
with the semiflexibility of the polymer backbone and
study its conformational, configurational, and thermody-
namics consequences. The simplicity of the model makes
it very flexible because small additions to it should be
able to describe the physical behaviors of more complex
systems like the ones mentioned in the previous para-
graph. The proposed model is a real-space realization
of the traditional ideas of helix-coil transition theory.9-11

Indeed, the bridging between the Ising-like concepts
used in the traditional matrix treatments of helix-coil
transition and the real-space helical structure is done
using the geometrical concept of torsion of a curve which
is employed to determine the conformation of each bead.
Once the conformation of each bead is known for each
configuration of the chain, the algorithm developed by
Wang and Landau24 as implemented by Rathore and
de Pablo25 is used to compute the density of states.
Afterward, standard statistical mechanics formulas are
employed to calculate the configurational, conforma-
tional, and thermodynamic properties of the model.

This article is organized as follows. In the next section,
we present the conceptual foundations of the model and
the simulation protocol. Special emphasis is put on the
connections between the traditional concepts of helix-
coil transition theory and the proposed model. The
following section contains the results of our model and
their discussion. In this section, we pay special attention
to the comparison of our results with known results from
other simulation, experimental, and theoretical studies.
Toward the end, we explore the theoretical implications
of our simulation study and propose a field-theoretic
Hamiltonian of the Edwards’ type that should describe
the helix-coil transition of semiflexible polymers. Fi-
nally, we conclude this article with a summary of our
results and the appropriate acknowledgments.

Model and Simulation Protocol

A. The Model. The success of the traditional methods
and concepts of helix-coil transition theory in describ-
ing the experimental data quantitatively implies that
our model must be constructed around these ideas.
However, the main purpose of our model is to describe
not only the conformational properties but also the
configurational ones. Therefore, a real-space realization

of the traditional concepts of helix-coil transition must
be developed. This was originally stated by Lifson and
Roig,11 who started their model by considering the
dihedral angles along a polypeptide chain. However,
after developing a few concepts, they mapped this
description of the polypeptide onto the traditional Ising-
like concepts, thus losing the real-space configurational
information (e.g., 〈Rg

2〉) of the system.
In our model, we want to keep the structural infor-

mation as well as capture the conformational properties
correctly. Therefore, we start the construction of our
model with the freely rotating chain model where the
bond lengths and bond angles are constant. For simplic-
ity, we consider only one bond angle and bond vector.
This implies that each residue of the polypeptide chain
is replaced by a bead. Clearly, this is not a strong
limitation of the model since refinements can easily be
constructed by replacing the different chemical groups
of each residue by beads with different properties.

At this point a very pertinent question arises: how
to couple the traditional concepts of helix-coil transition
theory with the freely rotating chain model. To answer
this question, we must remember that one of the most
common molecular driving forces that stabilize the
helical structure is hydrogen-bonding interactions be-
tween pairs of residues. To be more precise, the hydrogen-
bonding interaction occurs between residues that are
separated by two or three other residues along the
polymer backbone. In order for this hydrogen bond to
form, the distance between the pair of residues must
be small. In other words, the residues between the
hydrogen-bonding pair must be in very specific spatial
positions such that the pair of residues can come close
to each other and form the bond. This process implies a
considerable amount of cooperativity along the polymer
backbone. Our model must capture this cooperativity
explicitly.

The work of Lifson and Roig11 shows that the dihedral
angles are crucial quantities for the description of the
helix-coil transition. We also note that it would be very
convenient to define a criterion that determines the
conformational state of each bead based on dihedral
angles because these angles can account for the coop-
erativity of the transition explicitly. This is a conse-
quence of the fact that dihedral angles depend on the
spatial locations of four consecutive beads along the
polymer backbone. Therefore, the use of dihedral angles
to determine the conformation of each bead is the correct
way of bridging between the configurational and con-
formational properties of helical polymers.

A more robust geometrical quantity for the aforemen-
tioned criterion is the one of torsion of a curve. Imagine
the bead representation of the polymer as the discrete
version of a continuous, threadlike, representation of
the chain; then the torsion of the curve is a well-defined
mathematical quantity in both continuous and discrete
representations of the polymer. Moreover, in the par-
ticular case of the discrete model, the torsion is related
to two consecutive dihedral angles of the polymer.
Equation 1 defines the torsion, called ø(x) hereafter, of
a curve parametrized by the vectorial field r(x) which
represents the polymer chain. “x” is the arc of length
parameter that can take any value in the interval [0,L],
and L is the contour length of the polymer chain

ø(x) )
(r′(x),r′′(x),r′′′(x))

|[r′(x),r′′(x)]|2
(1)
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where r′(x), r′′(x), and r′′′(x) are the first-, second-, and
third-order derivatives of r(x), respectively. The square
brackets and parenthesis indicate vectorial and scalar
triple product (i.e., (A,B,C) ) A‚(B × C)), respectively.
This definition of torsion is also valid for the discrete
representation of the polymer chain; the only difference
is that the derivatives of the field must be approximated
using finite differences. For example, the first-order
derivative of the field on the ith bead is

where lK is the bond (Kuhn) length. Similar expressions
are also available for the second- and third-order
derivatives.29 The dependence on the third-order deriva-
tive implies that the torsion on the ith bead depends
on the spatial locations of the beads i - 2, i - 1, i, i +
1, and i + 2. Consequently, the torsion can be calculated
for beads 3 to n - 2 where n is the total number of beads
in the polymer chain.

Let us now use the concept of torsion as a criterion
to determine the conformation (helix or coil) of each
bead. For the sake of argument we assume that we
know all the geometrical properties of the perfect helical
state (i.e., the radius of the helix and its pitch). This
information can be translated into the curvature and
torsion of the helix using standard formulas.30 The
curvature determines the bond angle which is fixed in
the freely rotating chain model. The torsion, which is
governed by two consecutive dihedral angles, is the
torsion of the perfect helix. Consequently, we define the
following criterion: “a bead has a helical conformation
if the value of its torsion, as defined by eq 1, differs from
the torsion of the perfect helix, øhelix, by less than a
certain cutoff value, øcutoff”. If the criterion is satisfied,
then the helical bead carries a negative enthalpy, called
C, which stabilizes the helical conformation; otherwise,
the bead is in the random coil state which is the
reference state. The enthalpic parameter C is related
to the standard parameter s of the helix-coil transition
theory10

as follows: ∆F ) C - T∆S. Thus, C represents the
enthalpic contribution that arises from the formation
of a hydrogen bond. Furthermore, ∆S is the decrease
in entropy due to the formation of the new hydrogen
bond. In our model, this decrease in entropy is intro-
duced by the freely rotating chain (FRC) model and the
constraints on the dihedral angles. In addition, both
parameters C and ∆S are negative. It should be noted
that there are experimental situations where both
parameters C and ∆S are found to be positive. This is
a solvent effect. In these cases, the helical structure is
stabilized at high temperatures.10 Positive values of the
parameter C include the heat of desorption of a solvent
molecule from a random segment of the chain when the
latter adopts the helical conformation. On the other
hand, positive ∆S is due to the increase in solvent
entropy which overrides the decrease in chain entropy
upon formation of the helix. In our model, there is no
solvent; therefore, the stabilization of the helical state
occurs at low temperature, implying negative values for
the parameters C and ∆S. It can be easily deduced from
the equation that ∆F is 0 when T ) Tm () C/∆S). This

temperature is known as the melting temperature and
is characteristic of helix melting. For values of T less
than Tm, ∆F is negative, i.e., s > 1. In this regime, the
formation of hydrogen bonds is preferred, and hence,
helices are favored. On the other hand, when T is larger
than Tm, ∆F is positive, i.e., s < 1. Under this condition
the random coil conformation is favored and the helices
melt. Another traditional parameter used in helix-coil
transition theory is the penalty for the formation of
interfaces between random coil and helical domains.10

This penalty is associated with the parameter “σ”, which
is a Boltzmann weight and is related to the initiation
of a new helix. The fact that the polymer sacrifices the
configurational entropy of three consecutive residues for
the formation of the first hydrogen bond makes the
initiation of the new helix an improbable event when
compared to the propagation of an existing helix where
a new hydrogen bond is generated at the cost of the
conformational entropy of only one residue. Conse-
quently, the Boltzmann weight “σ” is always less than
unity; generally, it is of the order of 10-2-10-4. In our
model, we incorporated this parameter as an energy
penalty for the formation of interfaces and is denoted
as “η”, which is positive by definition; therefore, it
destabilizes the formation of interfaces. The parameter
“η” together with the FRC model and the constraints
on the dihedral angles determine the final value of the
parameter “σ” of the traditional helix-coil transition
theories. For simplicity, we assume that C and η are
constants. In the next subsection we explain how to
solve these ideas using the Monte Carlo algorithm of
Wang and Landau.24

B. Simulation Methodology. We used the freely
rotating chain model where the bond length was set
equal to 1.53 (in arbitrary units) and the bond angle
was 109.3°. Both parameters were kept constant during
the simulation. The concept of torsion, as explained in
the previous subsection, was used to determine the
conformation of each bead for each configuration of the
chain. The torsion of the perfect helix was chosen as
0.87, which corresponds to two consecutive dihedral
angles of +90°, and the chosen cutoff value was 0.001.
The values for the bond length, bond angle, and perfect
torsion were chosen arbitrarily for convenience and not
with the purpose of mimicking the properties of any
known polymer in particular. However, it is important
to note that, although a different set of values of the
parameters does not affect the thermodynamics of the
transition, it does affect the behavior of the configura-
tional properties to some extent. For example, if the
value of the perfect torsion is chosen such that it
corresponds to a very low value of the translation per
residue (l1) with respect to Kuhn length (l0) (unlike in
our simulations), then the plot of 〈Rg

2〉 as a function of
the helical content is expected to show a minimum for
low values of the initiation parameter due to the
formation of short helical domains.19

The initial configuration of the polymer chain was
generated randomly. The first bead was placed at origin
and did not move during the simulation. The initial
position of the second bead was along X-axis and at
distance equal to 1.53 from the origin. The third bead
was located on the X-Y plane so that the bond angle
was 109.3°, and moreover, the second bond had a
positive projection onto the Y-axis. The positions of all
other beads were computed using random dihedral
angles with respect to previous three beads. These

r′(i) ≈ r(i + 1) - r(i - 1)
2lK

(2)

s ) exp(-∆F/kBT) (3)
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angles were taken from a prescribed finite set of 64
possible values, φ ) 90 + (mπ/32), where φ represents
the dihedral angle and m varies from 0 to 63. This was
done for the purpose of having a finite estimate for the
density of states as explained below.

Pivot moves were used to change the configuration
of the chain. In the pivot move, the ith bead is selected
randomly and the rest of the polymer (beads i + 1 to n)
is rotated around the bond between beads i - 1 and i
by a randomly chosen angle. Figure 1 depicts the move.

The Monte Carlo algorithm chosen was the one
recently developed by Wang and Landau.24 This algo-
rithm generates a random walk in energy space with a
probability proportional to the reciprocal of the density
of states, g(E), and leads to a flat energy histogram.
Analogous to the multicanonical algorithm,23 this method
has the advantage of escaping local energy minima and
exploring the free energy landscape efficiently which,
in turn, leads to an accurate estimate of the density of
states, g(E), for any system of interest. Once the density
of states is known, all the statistical properties can be
evaluated at any temperature using standard formulas
from statistical mechanics. Another striking feature of
this algorithm is the fact that it is independent of
temperature, which makes it very useful to study a
broad variety of systems. Although de Pablo and co-
workers have pointed out two important limitations of
the Wang-Landau sampling related to its accuracy,31

it gave very good estimates for the density of states of
our model.

In this article, we employ a two-dimensional version
of the Wang-Landau algorithm to explore energy
(arising from the number of beads in the helical confor-
mation) and interface spaces which are required for the
estimation of the density of states. Analogous to the
energy space, where the energy adopts discrete values
ranging from 0 to (n - 4)C in steps ofC, the interface
space has the information about the number of inter-
faces between random coil and helical domains in all
configurations of the polymer chain. So, in our case, the
density of states is a function of two variables: the
energy E due to the beads in the helical state and the
number of interfaces present in the polymer, Ns.

Let us now review the Wang-Landau24 algorithm,
which is the starting point for this study. At the
beginning of the simulation, the density of states
g(E,Ns), which is unknown a priori, is initialized to one
for all possible values of the energy and number of
interfaces. The random walk is then started by changing
the configuration of the polymer. The transition prob-
ability for switching the polymer configuration from
{Ei,Nsi} to {Ef,Nsf} is

Each time a move is accepted, the density of states of
the new configuration is updated by multiplying the
existing value by a modification factor f, i.e., g(E, Ns) f
g(E, Ns) × f. However, if the move is rejected, then the
density of states of the old configuration is updated. This
modification allows the random walk to explore the
energy and interface spaces quickly and efficiently. The
starting value of f was taken to be e1 ()2.71828), as
recommended by Wang and Landau. After a move is
completed, the corresponding histogram H(E, Ns) is
updated along with the modification of the density of
states. Once the histogram is “flat” within some toler-
ance, the value of f is modified using Wang and
Landau’s recommendation fnew ) xfold. At this point,
the histogram is reset to zero, and the above procedure
is started again with the updated modification factor.
This procedure is repeated until the value of f is very
close to 1. We stopped our simulations when f - 1
became smaller than 10-7. Figures 2 and 3 show typical
results obtained for our model using Wang and Landau’s
algorithm. These figures were obtained for a chain with
60 beads.

Using the density of states, various conformational,
configurational, and thermodynamic quantities were
calculated using standard formulas from statistical

Figure 1. Graphical representation of the pivot move.

Figure 2. Typical energy histogram obtained from Wang and
Landau’s sampling.

Figure 3. Typical density of states obtained from Wang and
Landau’s sampling.

Prob(Ei,Nsi f Ef,Nsf) ) min (1,
g(Ei,Nsi)

g(Ef,Nsf)) (4)
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mechanics. The mathematical expressions for the ca-
nonical partition function, Helmholtz free energy, in-
ternal energy, entropy, and heat capacity are

where F(T,η), U(T,η), S(T,η), and Cv(T,η) are in units
of Boltzmann’s constant, kB. Apart from these thermo-
dynamic quantities, the ensemble average of any other
quantity of interest can also be calculated using follow-
ing equation:

Results and Discussion
A. Configurational Properties. We start analyzing

the consequences of our minimal model by considering
the configurational properties of the polymer. For the
purpose of clarity, we set the parameter η to zero for
now and leave the study of the interfacial penalty for
the last part of this section. Figure 4 shows the behavior
of the mean-square radius of gyration, 〈Rg

2〉, as a
function of temperature (in Κ) for different chain
lengths. The value of the parameter C () -1300 Κ) was
chosen in such a way that the helix-coil transition
occurs around room temperature. This figure clearly
shows the existence of two different regimes. At low

temperatures, the model predicts an extended configu-
ration for the polymer chain which is consistent with
the formation of a helical (rodlike) structure. At high
temperatures, the polymer decreases its size which
supports the existence of a random coil conformation.

One way to confirm the presence of these two confor-
mations is to analyze the power law behavior of 〈Rg

2〉
as a function of chain length (cl) at low and high
temperatures. This has been plotted in Figure 5 on a
double-logarithmic plot. This figure clearly shows that
the 〈Rg

2〉 scales as cl2 at low temperatures, indicating
the presence of an extended, rodlike structure, and as
cl1.25 at high temperatures, indicating the existence of
a random coil conformation with excluded-volume in-
teractions. The small deviation from 1.17 at high
temperatures indicates that our polymer is still short.
In other words, the chain length is not large enough to
be in the self-avoiding walk regime. To elaborate on this
conformational structure a little further, we plotted the
radial distribution function (probability of finding the
polymer with an end-to-end distance equal to r) for the
chain ends as a function of the end-to-end distance r
and temperature in kelvin. Figure 6 shows this plot for
a polymer with 50 beads. Observe the similarities
between this plot and the same plot for wormlike
chains32 where temperature is replaced by the persis-
tence length of the polymer. At high temperatures, the
radial distribution function shows a shallow peak for
small values of the end-to-end distance which is typical
of polymers with low degrees of stiffness (random coils).
However, as the temperature is reduced, the model

Figure 4. Plot of 〈Rg
2〉 as a function of temperature for

different chain lengths. The values of the parameters are C )
-1300 K and η ) 0 K. (b) n ) 10, (9) n ) 20, ([) n ) 30, (2)
n ) 40, (1) n ) 50, (*) n ) 60.

Z(T,η) ) ∑
E,Ns

g(E,Ns)e
-â(E+Ns×η) (5)

F(T,η) ) -T ln(∑
E,Ns

g(E,Ns)e
-â(E+Ns×η)) (6)

U(T,η) ) 〈E〉T )

∑
E,Ns

(E + Ns × η)g(E, Ns)e
-â(E+Ns×η)

∑
E,Ns

g(E, Ns)e
-â(E+Ns×η)

(7)

S(T,η) )
U(T,η) - F(T,η)

T
(8)

Cv(T,η) )
〈E2〉T - 〈E〉T

2

T2
(9)

〈A(T,η)〉 )

∑
E,Ns

A(E,Ns)g(E,Ns)e
-â(E+Ns×η)

∑
E,Ns

g(E,Ns)e
-â(E+Ns×η)

(10)

Figure 5. Plot of 〈Rg
2〉 as a function of the number of beads

for low and high temperatures. The values of the parameters
are C ) -1300 K and η ) 0 K. (b) Low temperatures, (2) high
temperatures.

Figure 6. Plot of the radial distribution function for the chain
ends as a function of the end-to-end distance and temperature.
The values of the parameters are C ) -1300 K and η ) 0 K.
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predicts a shift in the peak to larger values of the end-
to-end distance. Using the similarities with the worm-
like chain model, we can say that the polymer chain
becomes stiffer as the temperature is reduced.

All the aforementioned configurational properties
prove that the model predicts the existence of a rigid
polymer at low temperatures. The helical conformation
is one possible structure, but there might be others.
Thus, the definite proof that our minimal model predicts
a helical structure at low temperatures comes from the
Landau-Wang sampling which allowed us to determine
the “ground” state of the system. This state turned out
to be a perfect helix. Thus, we conclude that our model
is predicting the transition from a helix to a coil as the
temperature is increased.

For the purpose of making our discussion of the
configurational properties more balanced and objective,
it is appropriate that we compare our results with the
ones obtained using one of the well-established theories
of helix-coil transition. We chose the model developed
by Nagai.19 Figure 7 shows a quantitative comparison
between our result for 〈R2〉 and the one obtained from
Nagai’s model for a chain with 60 beads. The values of
the parameters of Nagai’s model are l1 ) 3, l0 ) 2.5, n
) 60, and R ) 0.25. The value of the enthalpy used in
the expression for the parameter σ (eq 112 in ref 19) is
-7.5 kcal mol-1, and the value of the entropy is -12
kcal mol-1 K-1. Indeed, the quantitative agreement
between both models is very good.

B. Conformational Properties. Let us now proceed
to study the conformational properties of the model by
analyzing the behavior of the fraction of the polymer in
the helical conformation as a function of temperature.
This is shown in Figure 8 for six chain lengths. Observe
that this quantity is close to one at low temperatures
predicting helix formation, and it approaches zero at
high temperatures where no helices are present. One
important observation is the sigmoidal shape of the
curves. This shape is a direct consequence of the
cooperativity of the transition and is captured correctly
by our minimal model. Furthermore, this result agrees
on a qualitative level with predictions arising from other
computer simulation studies on atomistic models,23,26,33

theories,9,11 and experimental observations.34 Another
important feature of this result is its dependence on
chain length. As the chain length increases, the transi-
tion temperature increases until it reaches a limiting
value. This behavior is in good agreement with the
predictions from standard helix-coil transition theories9

and can be easily explained using basic statistical
mechanics arguments.35

Figures 9 and 10 show a comparison of the fraction
of the polymer in the helical conformation predicted by
our simulation study with the results obtained using
two theoretical approaches. First, in Figure 9 we
compare our result with the one obtained by Bloomfield,
who considered the free ends of the polymer chain
explicitly.36 In this case the polymer has 50 beads (n )
50). The parameter η is equal to zero. In addition, the
functional dependence of the parameter s (in Bloom-
field’s notation) on temperature was assumed to be of
the form

Figure 7. Plot of 〈Rg
2〉 as a function of temperature (in K) for

a chain with 60 beads: line (our result), circles (Nagai’s
model.).

Figure 8. Plot of the fraction of the polymer in the helical
conformation as a function of temperature for different chain
lengths. The values of the parameters are C ) -1300 K and
η ) 0 K. (b) n ) 10, (9) n ) 20, ([) n ) 30, (2) n ) 40, (1) n
) 50, (*) n ) 60.

Figure 9. Plot of the fraction of the polymer in the helical
conformation as a function of temperature (in K) for a chain
with 50 beads: line (our result), circles (from Bloomfield’s
article).

Figure 10. Plot of the fraction of the polymer in the helical
conformation as a function of temperature (in K) for a chain
with 60 beads: line (our result), circles (Nagai’s model.).

s(T) ) exp(1300
T

+ ∆S) (11)
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The optimal values of σ (in Bloomfield’s notation) and
∆S are 0.02 and -4.163, respectively. It is important
to point out that the value of σ () 0.02) is less than one.
This suggests that the cooperativity of the transition is
included in our model to some extent even without
incorporating the interfacial penalty explicitly (η ) 0).
This is the natural consequence of the restrictions
introduced by the FRC model and the constraints on
the dihedral angles together with the criterion used to
determine the helical conformation. This conclusion is
easy to understand if we follow the subsequent line of
reasoning. Let us assume that we have a perfect helix.
Now, we rotate one dihedral angle somewhere in the
middle of the helix so that we break the helix into two
shorter helices. The enthalpic cost to create the interface
is 2C because, according to our determination of the
helical conformation, the torsion depends on the posi-
tions of five consecutive beads (two consecutive dihedral
angles). Now, consider the case where we remove a bead
from one of the ends of a helical sequence where the
interface already exists; then the enthalpic cost is only
C. Note that in both cases the change in the entropy is
the same. This implies that there is an extra enthalpy
necessary to create a new interface and that its mag-
nitude is C. The only way to capture this extra enthalpy
necessary to create the interface within the framework
of the traditional helix-coil transition theory is via the
parameter σ, which must be less than one. This explains
why σ must be different from one to describe our
numerical results. Another interesting observation is
the value of ∆S () -4.163). It corresponds to the
entropic cost that results from the FRC model and the
constraints on the dihedral angles. The value of ∆S is
very close to -ln 64 ) -4.159, which comes from the
entropy change generated by a bead that changes its
conformation from the random coil to the helical one.

We also compare our result for the fraction of the
beads in the helical conformation with the one predicted
by Nagai’s model.19 This is shown in Figure 10. To be
consistent with the comparison presented in Figure 7,
we used the same values for the parameters. We remind
the reader that these parameters were optimized to
provide a good quantitative agreement between both
results for 〈R2〉. Thus, we regard the comparison shown
in Figure 10 as very good since there are no adjustable
parameters. Observe that the transition starts at the
same temperature (when approached from high tem-
peratures). Now, the width of the transition is not the
same for both models. This is a consequence of the
parameters used which can be optimized to obtain a
very good quantitative agreement for the fraction of the
polymer in the helical conformation. This would de-
crease the quality of the agreement shown in Figure 7.
However, a compromise could be reached such that the
descriptions of both quantities are acceptable. In addi-
tion, we remind the reader that Nagai’s model does not
include excluded-volume interactions and uses the freely
jointed (not rotating) chain model. These differences
might also contribute to the small quantitative differ-
ences observed in Figures 7 and 10. Still, the agreement
is very good.

Figures 11 and 12 provide more insight into the
mechanism behind the helix-coil transition. For ex-
ample, Figure 11 shows the average number of helical
domains as a function of temperature for chains of
different lengths. Observe that for short chains (n ) 10)
the average number of helical domains is always less

than one, while for long chains, this average is larger
than one near the transition temperature. These results
are in good qualitative agreement with the original
results of Lifson and Roig11 and indicate that short
chains undergo the helix-coil transition by unwinding
from the ends while long chains break into multiple
helical domains near the transition temperature. Fur-
ther insight is provided by Figure 12 where we plot the
average length of a helical domain as a function of
temperature. This figure clearly shows that, on average,
the length of a helical domain decreases in a monotonic
manner when the temperature is increased in agree-
ment with the results shown in ref 11.

C. Thermodynamic Properties. We start the study
of the thermodynamic properties of the model with the
evaluation of the entropy of the system. Figure 13 shows
the entropy (in units of Boltzmann constant) as a
function of temperature for chains of different lengths.
The first observation is that the entropy increases with
increasing temperature as expected from the second law
of thermodynamics and approaches zero when the
temperature approaches absolute zero, in agreement
with the third law of thermodynamics. Moreover, it is
independent of chain length for low enough tempera-
tures. This is the natural consequence of the formation
of helices at low temperatures because the number of
degrees of freedom of a helix is independent of its length.
Furthermore, Figure 14 shows the dependence of en-
tropy on chain length in the high-temperature region.
Observe that our model predicts a linear dependence
of the entropy on the number of beads as it should be

Figure 11. Plot of the average number of helical domains as
a function of temperature for different chain lengths. The
values of the parameters are C ) -1300 K and η ) 0 K. (b) n
) 10, (9) n ) 20, ([) n ) 30, (2) n ) 40, (1) n ) 50, (*) n ) 60.

Figure 12. Plot of the average length of a helical domain as
a function of temperature for different chain lengths. The
values of the parameters are C ) -1300 K and η ) 0 K. (b) n
) 10, (9) n ) 20, ([) n ) 30, (2) n ) 40, (1) n ) 50, (*) n ) 60.
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because entropy is an extensive thermodynamic vari-
able.

Figures 15 and 16 show the same plots for the
internal energy (in kelvin). Figure 15 shows the depen-
dence on temperature for different chain lengths. The
internal energy increases as the temperature is raised
and reaches the asymptotic value of zero at high
temperatures. This is a consequence of using the
random coil conformation as our reference state. It is
relevant to note that the predicted functional depen-
dence on temperature agrees on a qualitative level with
recent predictions arising from the Zimm-Bragg theory
which were used to describe experimental data.37 In
addition, the low-temperature region clearly shows that
long chains are more stable than short ones since their

internal energy is lower. Figure 16 shows the depen-
dence of the internal energy on chain length for the low-
temperature region. As in the case of the entropy, the
internal energy is a linear function of the number of
beads, in agreement with the fact that it is an extensive
thermodynamic variable.

Figure 17 shows the heat capacity as a function of
temperature for polymers with different chain lengths.
This figure shows that an increase in the length of the
polymer increases the height of the peak and shifts the
transition temperature toward higher values until it
saturates at temperatures close to 313 K for large values
of n. The temperature at which transition saturates
depends on the ratio C/∆S. In addition, the width of the
transition at half-height decreases monotonically with
increasing chain length until it reaches a limiting
nonzero value. This is in agreement with the fact that
the helix-coil transition, as predicted by the Zimm-
Bragg theory, is not a true thermodynamic transition.
Figure 18 shows the height of the peak as a function of
the number of beads. The relationship is linear in
agreement with the fact that the heat capacity is an
extensive thermodynamic variable. Moreover, the re-
sults shown in Figure 17 also agree with atomistic
simulations of polyalanine26 on a qualitative level.

D. Effect of the Interfacial Penalty. We now
consider the effect of the interfacial penalty. For this
purpose, we keep the length of the chain fixed (n ) 60)
and vary the parameter η. Figures 19, 20, and 21 show
three different properties: 〈Rg

2〉, the fraction of helical
beads, and the heat capacity as a function of tempera-
ture for different values of the parameter η. Observe
that all these plots show the same effect: the higher

Figure 13. Plot of the entropy as a function of temperature
for different chain lengths. The values of the parameters are
C ) -1300 K and η ) 0 K. (b) n ) 10, (9) n ) 20, ([) n ) 30,
(2) n ) 40, (1) n ) 50, (*) n ) 60.

Figure 14. Plot of the entropy as a function of chain length
at high temperatures.

Figure 15. Plot of the internal energy as a function of
temperature for different chain lengths. The values of the
parameters are C ) -1300 K and η ) 0 K. (b) n ) 10, (9) n
) 20, ([) n ) 30, (2) n ) 40, (1) n ) 50, (*) n ) 60.

Figure 16. Plot of the internal energy as a function of chain
length at low temperatures.

Figure 17. Plot of the heat capacity as a function of temper-
ature for different chain lengths. The values of the parameters
are C ) -1300 K and η ) 0 K. (b) n ) 10, (9) n ) 20, ([) n )
30, (2) n ) 40, (1) n ) 50, (*) n ) 60.
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the interfacial penalty, the narrower the transition
region. In other words, as the interfacial penalty in-
creases, the helix-coil transition approaches the all-
to-none transition originally proposed by Schellman.35

This is the natural consequence of hindering those
conformations with many helical domains which are
very expensive in energy. Therefore, the chain prefers
to go from the perfect helix to the random coil by
avoiding those conformations that require the formation
of interfaces.

E. Proposed Minimal Model. The results shown in
the previous paragraphs suggest that the proposed
minimal model is capable of describing all the properties
characteristic of the helix-coil transition. Consequently,
we can use the concepts behind the proposed minimal
model to construct a phenomenological field-theoretic

Hamiltonian of the Edwards type38 that can describe
the helix-coil transition of wormlike polymers. Such a
Hamiltonian might be useful for the development of new
theories for more complex systems of current interest
like hydrogels of diblock copolypeptides27 or networks
of helix-forming polymers.28

We start by writing the statistical weight suggested
by our simulation studies in the discrete form

where â is the Lagrange multiplier 1/T, T being the
absolute temperature, C is the energy difference be-
tween the helical and random coil conformations for a
single bead, δ is Kronecker’s delta, ∆i is the value of
the torsion on the ith bead, ∆0 is the torsion of the
perfect helix, n is the number of beads in the chain, and
η is the energy penalty for the presence of interfaces.

The first term in the exponential is the contribution
arising from all those beads in the helical state. Observe
that only those beads whose torsions are equal to the
one of the perfect helix contribute to the summation.
This condition is imposed by the Kronecker’s delta
inside the summation. Moreover, the contribution of
each bead is the energy C. The second term is the
contribution arising from the interfaces between helical
and random coil domains. Observe that if the ith and (i
- 1)th beads are in the helical conformation, then the
square term in the sum is zero because both beads have
the same torsion. Therefore, this term does not contrib-
ute if both consecutive beads are part of a helical
domain. Similarly, if both beads are in the random coil
conformation, then the Kronecker deltas will be zero
because the torsions are not equal the one of the perfect
helix. Consequently, the second term is not zero only
when one of the beads is in the helical conformation
while the other one is part of a random coil domain. The
last contribution to eq 12 arises from the geometrical
constraints. Explicitly, these constraints are two: first,
the Kuhn length is fixed for all the bond vectors, and
second, the bond angles are fixed. From a mathematical
perspective, these two geometrical constraints can be
realized using two Dirac delta distributions. We do not
show the mathematical expressions of these two con-

Figure 18. Plot of the maximum height of the heat capacity
as a function of chain length.

Figure 19. Plot of 〈Rg
2〉 as a function of temperature for

different values of the interfacial penalty. The values of the
parameters are C ) -1300 K and n ) 60. (b) η ) 0 K, (9) η )
200 K, ([) η ) 600 K, and (2) η ) 1000 K.

Figure 20. Plot of the fraction of the polymer in the helical
conformation as a function of temperature for different values
of the interfacial penalty. The values of the parameters are C
) -1300 K and n ) 60. (b) η ) 0 K, (9) η ) 200 K, ([)η ) 600
K, and (2) η ) 1000 K.

Figure 21. Plot of the heat capacity as a function of temper-
ature for different values of the interfacial penalty. The values
of the parameters are C ) -1300 K and n ) 60. (b) η ) 0 K,
(9) η ) 200 K, ([) η ) 600 K, and (2) η ) 1000 K.

exp(-âC∑
i)2

n-2

δ∆i,∆0
-

âη∑
i)3

n-2

(∆i - ∆i-1)
2(δ∆i,∆0

+ δ∆i-1,∆0
)) ×

geometrical constraints (12)
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straints in eq 12 because we are more interested in the
continuous limit that we describe below.

We now proceed to take the continuous limit of eq 12
which allows us to define a field-theoretic Hamiltonian
for the helix-coil transition, called Hhc, as follows:

Let us be more explicit about the derivation of this
Hamiltonian from the discrete model. For this purpose,
we start with the exponential which is the continuous
version of the exponential in eq 12. First, we multiply
and divide the argument of the exponential in eq 12 by
the length of the bond vector, lK, and then we take the
limit lK f 0 such that nlK ) L (the contour length of
the chain), then we can write

where the parameter C has been replaced by its
continuous counterpart γ, the summation becomes an
integral over the arc of length parameter x, and the
Kronecker delta (divided by lK) has been replaced by
the Dirac delta distribution. In this expression, ∆(x) is
the torsion at location x along the continuous curve that
represents the polymer chain and ∆0 is the torsion of
the perfect helix.

We also multiply and divide the second term in the
exponential of eq 12 by lK

3 and take the limit lK f 0
such that nlK ) L; then the second term can be written
as follows

where the summation and the Kronecker’s deltas have
been replaced by the integral and the Dirac delta,
respectively, like in eq 14. Moreover, the square term
involving the difference between the torsions of beads i
and i - 1 becomes the square of the derivative of the
torsion with respect to the arch of length parameter.
Finally, µ is the limiting value of 2ηlK

2 when lK goes to
zero.

We have also written the explicit form of the geomet-
ric constraints in eq 13. Let us describe each of them.
The first Dirac delta arises from the fact that the length
of the bond vectors was kept constant during the
simulation study. This constraint has important con-
sequences for different physical properties of the model
(e.g., the force-elongation relationship). To implement
this constraint on the continuous model, we have to use
the local inextensibility constraint also employed in the
wormlike chain model.32 This constraint is always
written as a Dirac delta of the square of the tangent

vector, τ(x), minus 1 where τ(x) is the vector tangent to
the curve that represents the polymer chain. The second
geometric constraint used in our simulation study is
related to the bond angles. These angles were kept
constant during the simulation. Observe that if we
define the bond angle as θ, then the following equality
is true

where τi is the bond vector from the ith bead to the i +
1. Note that the second parenthesis is the mathematical
definition of curvature for a discrete representation of
the chain. Let us call the curvature of the perfect helix
κ0, which is constant. Thus, when we take the continu-
ous limit of the discrete model, κ0 must not be altered.
This can be accomplished as follows

which implies that as lK goes to zero, θ approaches π
such that the limit, eq 17, is satisfied. Observe that if
κ0 is zero, then the angle θ is must be equal to π for any
value of the Kuhn length. This implies that the config-
uration of the polymer is rodlike. Consequently, the
torsion becomes an ill-defined quantity, and our simula-
tion study and theoretical model break down. However,
the objective of this work is to model helical polymers.
These polymers are stabilized by the formation of
hydrogen bonds between residues; if the polymer is a
rodlike polymer, then the residues cannot form hydro-
gen bonds and helices do not form. Thus, our model is
not expected to capture the limit of rodlike polymers.
Finally, the third Dirac delta is the definition of the
torsion in terms of the tangent vector.

Observe that the first two deltas imply that the
tangent vector is orthogonal to its first-order derivative
which is orthogonal to the second-order derivative.
These geometric constraints can be used to simplify the
form of eq 13. We leave the analysis of this Hamiltonian
for a future article. However, we would like to empha-
size that this Hamiltonian is a direct consequence of
our simulation study.

Conclusions
In this article we have explored a novel approach to

the simulation of the helix-coil transition of wormlike
polymers. Our approach builds on the traditional con-
cepts of helix-coil transition theory and adds the
geometrical property of torsion of a curve. This new
parameter allows us to bridge between the conforma-
tional and configurational properties of the polymer
chain. Therefore, real-space properties like the radial
distribution function can be calculated in addition to the
traditional conformational properties like the fraction
of the polymer in the helical conformation. All these
properties are calculated from the same model. In
addition, the use of torsion to determine the conforma-
tional state of each bead is equivalent to the use of two
consecutive dihedral angles. Therefore, the cooperativity
of the helix-coil transition is taken into account explic-
itly in this model.

exp(-âHhc) ) exp(-âγ∫0

L
dx δ(∆(x) - ∆0) ×

{1 + µ(d∆(x)
dx )2})δ((τ(x))2 - 1)δ((dτ(x)

dx )2
- κ0

2) ×

δ(∆(x) -
τ(x)

κ0
2 (dτ(x)

dx
d2τ(x)

dx2 )) (13)

âC∑
i)2

n-2

lK

δ∆i,∆0

lK

f âγ∫0

L
dx δ(∆(x) - ∆0) (14)

(ηlK
2)∑

i)3

n-2

lK(∆i - ∆i-1

lK
)2(δ∆i,∆0

lK

+
δ∆i-1,∆0

lK
) f

µ∫0

L
dx (d∆(x)

dx )2

δ(∆(x) - ∆0) (15)

(2 cos(θ2)
lK

)2

) (τi+1 - τi

lK
)2

(16)

lim
lKf0

2 cos(θ2)
lK

) κ0 (17)
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We have showed that the use of torsion in the
criterion that determines the conformational state of
each bead leads to results that agree with predictions
arising from other computational, theoretical, and ex-
perimental studies on a qualitative and quantitative
level. Therefore, this model might be used to study
systems where the helical structure of the polymer is
important but the atomistic details are not. One ex-
ample of this is the case of networks of helical polymers
where the atomistic details are not so relevant for the
mechanical and thermodynamic properties, but the
helical structure of the polymer must be described
correctly.

Another area where we believe our model might have
interesting consequences is the one of polyelectrolytes
and polyampholytes. In these fields, the possibility of
helix formation will add another degree of freedom to
these already very challenging systems. Therefore, we
foresee an enrichment of the physics of these systems.
For example, it would be very interesting to study how
helix formation gets coupled and modifies the different
scaling regimes predicted for polyelectrolytic systems
or how helix formation couples to the counterion con-
densation mechanism. These and other possibilities are
of current scientific interest and will be addressed in
forthcoming articles.
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